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Finite element method analysis is used to conduct electromagnetic simulations to 
characterize fractal antennas.  This work considers wire (1D) antennas such as the triadic 
Koch curve, zig zag, and quadratic Koch curve of varying heights, iterations, and cross-
sectional areas.  Carpet (2D) antennas, including the Sierpinksi carpet, of varying heights, 
iterations, and deterministic and stochastic iterations are analyzed.  The antenna shapes 
were generated in MATLAB and then modeled with finite element analysis using 
COMSOL Multiphysics®.  The focus of this study is to determine what role various 
fractal patterns and iterations have on the S11 return loss and far field radiation patterns.  
Specifically, changes in directionality of the emitted radiation and return loss over a 
range of frequencies, between 0.2 to 2.2 GHz, are examined. Parameters that are 
manipulated to assess the influence on antenna performance include varying the fractal 
generator, varying the number of iterations to make more complex shapes, scaling the 
antennas, and varying the cross sectional area. Antennas with fractal shapes are shown to 
have multiple operational bandwidths and exhibit directionality changes with frequency 
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1.  INTRODUCTION 
This research analyzes the electromagnetic properties of fractal antennas using finite 
element method analysis.  This work considers wire (1D) antennas such as the triadic 
Koch curve, Zig zag, and quadratic Koch curve all being 12 cm in height. Carpet (2D) 
antennas like the Sierpinksi carpet and plane antenna, of varying areas, iterations, and 
deterministic and stochastic iterations are considered. These shapes were generated in 
MATLAB, then imported into the computational modeling software COMSOL 
Multiphysics® to conduct these simulations. The focus is to study what role various 
fractal shapes and iterations have on the S11 return loss and far field radiation patterns.  
Specifically, changes in directionality of the emitted radiation and return loss over a 
range of frequencies, 0.2 to 2.2 GHz, are examined. Parameters that are manipulated to 
assess the influence on antenna performance include varying the fractal generator, 
varying the number of iterations to make more intricate shapes, scaling the antennas, and 
varying the cross sectional area.  Antennas with fractal shapes are shown to have multiple 
operational bandwidths and exhibit directionality changes in the far field radiation 
pattern. 
This project aims to better understand how fractal shapes affect antenna efficiency 
and performance.  One potential application would be to improve antenna reception in a 
cell phone to allow for a wider range of frequencies.  Prior work studied the properties of 
some fractal antennas, including work published in antenna books (e.g., Stutzman, 2011) 
and antenna papers such as Puente-Baliarda, Romeau, and Carama (2000), and Best 
(2003). These researchers have investigated how to maximize antenna performance for a 
variety of specific applications. 
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Fractals are self-similar patterns that repeat their overall shape at smaller and 
smaller scales. The overall shape is called the generator and replacing each straight line 
segment within the generator produces an iteration.  Bending wires into these shapes 
creates a fractal antenna. The Sierpinski gasket (Sierpinski, 1916) has previously been 
studied via a tutorial available from COMSOL Multiphysics® (“Sierpinski Model, 
COMSOL Multiphysics® v 5.3”).  This tutorial provided a basis for constructing antenna 
simulations and obtaining the related plots and graphs using COMSOL Multiphysics®.  
The COMSOL tutorial of a Sierpinski fractal antenna only examined two frequencies, 
whereas this study analyzes a range of frequencies and a variety of model shapes. 
This study focuses on the frequency range from 0.2 GHz to 2.2 GHz in 0.04 GHz 
increments. The fractal antenna shapes analyzed include both deterministic and randomly 
generated (i.e., stochastic) fractals.  This research focuses on how varying parameters of 
the antenna shape affects the properties of fractal antennas.  This work examines the 
behavior of fractal shapes as monopole wire antennas including zig-zag, triadic Koch 
curve, and quadratic Koch curve shapes as wire antennas, and a variety of flat 
deterministic and stochastic Sierpinski carpet patterns as patch antennas.  With the 
exception of the triadic Koch curve, testing the properties of these shapes as antennas has 
not been previously reported in the published literature to the best knowledge of the 
author.   
Multiple antennas were modeled within COMSOL with variations in size, number 
of iterations, fractal dimension, and for both deterministic and stochastic fractal shapes.  
The same frequency range was consistently analyzed, which allows one to compare the 
results of the simulations, such as the frequency and number of S11 minima, and how the 
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results change as a function of the fractal dimension of the antenna.  A straight monopole 
antenna and flat sheet antennas (with no ‘holes’) were also analyzed for comparison to 
the fractal wire and carpet shapes. 
 
a. Fractals 
Benoit Mandelbrot (Mandelbrot, 1982) described shapes that exhibit the same pattern at 
multiple scales and with geometric dimensions that are non-integer values as fractals. 
Shapes such as a straight line (lying in a plane) have one dimension, a flat plane has two 
dimensions, and a cube or sphere has three dimensions. Fractals provide a means of 
quantifying shapes between these integer dimensions.  Fractals have a characteristic 
called self-similarity, meaning that the shapes contain self-repeating patterns where no 
matter how much one zooms in on a specific shape, one always sees the original shape at 
a smaller scale. For a mathematically perfect fractal the self-repeating pattern extends to 
infinitely small and large scales (Mandelbrot, 1982). In this study, the pattern is repeated 
a finite number of times and such a shape is termed a pre-fractal (Barton and Malinverno, 
1992).  For ease of discussion, this study refers to pre-fractals simply as fractals.  For a 
deterministic fractal, the repeated pattern is exactly duplicated at all scales.  For a 
stochastic fractal, this repeated pattern is statistically identical, but will differ in the exact 
details of its appearance. 
To create a fractal with a dimension between one (a line) and two (a plane), one 
starts with a shape, called the generator.  The generator for the triadic Koch curve is 
shown in Figure 1 (line K0) (after Mandelbrot, 1982).  Using the generator, one then 
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takes each straight line segment within the generator and replaces it with the whole shape 
of the generator, shrunk down to fit between the end points, giving you the 1st iteration 
(Figure 1, line K1).  Repeating this process yields the second iteration (Figure 1, line K2). 
As you repeat, or iterate, this process of substituting each straight line segment with a 
scaled-down generator, the overall length of the shape increases while the end to end 
distance remains constant.  After an infinite number of iterations the length of a fractal 
shape will go to infinity while the overall end to end length will remain the original 
generator distance.  This thesis will analyze antennas using the shapes of the generator 
and first few iterations for several different fractal shapes. Figure 1 is an image of what 
the triadic Koch curve fractal shape (Mandelbrot, 1982) looks like going from a line, to 
the generator, to the 1st and 2nd iterations.  
 
Figure 1:  Triadic Koch curve antenna shapes.  A straight line is on the left.  Moving 




This method of generating a fractal can be applied either deterministically or 
randomly. If one decides to always place the generator in a specific fashion, say the point 
facing right, every time one replaces the segment this would create a deterministic fractal 
(Figure 1). If one randomly oriented the generator for each segment of each iteration one 
would generate a random fractal (also known as a stochastic fractal). 





                          [1] 
where N is the number of line segments in the generator and r is the length of each 
segment relative to the straight line distance from the initial point to the final point of the 
generator.  An example for the triadic Koch curve (Figure 1) is as follows. The generator 
contains four equidistant line segments, each being 1/3 the length of overall end to end 
distance. This in turn means 𝑁𝑁 = 4, 𝑟𝑟 = 1/3, and the fractal dimension is equal to the 






Figure 2:  The triangular Sierpinski gasket and the square Sierpinski carpet. “I” is the 




Antennas are devices that can both radiate and receive electromagnetic waves.  Using 
different antenna shapes changes the amount of radiation they can receive and transmit, 
their efficiency, how radiation is directed, and where along the frequency range they have 
optimal performance.  A qualitative description for radiation is described by when a 
charged particle accelerates over a defined distance, the electric field lines then must in 
turn realign themselves to where the charged particle has gone. The movement of the 
electric field lines to reorient themselves is radiation.  A more formal definition is given 
below. 
“Radiation is a disturbance in the electromagnetic fields that propagates away 
from the source of the disturbance so that the total power associated with the 
wave in a lossless medium is constant with radial distance. This disturbance is 
created by a time-varying current source that has an accelerated charge 
distribution associated with it.” (Stutzman, 2011) 
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Scattering parameters, abbreviated S-parameters, describe the transmission and reflection 
of electromagnetic waves at a port or device.  This project considers the S11 values, which 
represent how much power is reflected from the antenna back to the input port.  The S11 
value varies as a function of frequency; the lower the minima the better the coupling of 
power to the antenna.  S11 is equal to  
𝑆𝑆11 = 𝑏𝑏1/𝑎𝑎1                          [2] 
where a1 is the incident wave power at the port and b1 is the reflected wave power.  S11 
may be referred to as the input port voltage reflection coefficient.  S11 expressed in 
decibels is 
𝑆𝑆11,𝑑𝑑𝑑𝑑 = 20 log10( |𝑆𝑆11| )                          [3] 
“Input Return loss”, or sometimes simply “return loss,” is a parameter related to S11 and 
is the negative of the absolute value of the S11 dB parameter.  The principle of reciprocity 
states that whatever pattern found for the radiation distribution of the antenna 
transmitting a signal is also equal to its receiving pattern.  For this work, for the S11 value 
to be considered “good enough” to be an operational frequency the minima is equal to or 
below -10 dB.  An example of an S11 plot, with a minimum below -10 dB, is shown in 
Figure 3.  A quantification of what S11 values correspond to in terms of percent reflected 








Table 1: S11 parameters with corresponding reflection and power to antenna percentages. 
S11 Parameter Reflection Power into Antenna 
- 6 dB 25 % 75 % 
- 10 dB 10 % 90 % 
- 20 dB 1 % 99 % 
 
Another fundamental property of antennas is the bandwidth. The operational frequency 
from low to high where you have sufficient signal to noise ratio for an antenna to be 
operational is the bandwidth.  In this work we customize the definition of bandwidth to 
be the range of frequencies within the S11 minima that are below a certain dB value (-10 
dB).  These define a range of frequencies at which the antenna can receive and radiate 
energy with corresponding S11 performance.  
 
 
Figure 3: S11 values for the Koch generator, which exhibits multiple S11 minima.  The 
minima at 1.44 GHz is the only one with an S11 less than -10 dB; it has a bandwidth at -



















Other antenna properties examined are the 2D and 3D far field radiation patterns.  
The near field to far field transition happens when one is roughly on the scale of one 
wavelength away. The far-field (Fraunhofer) region is where the radiation distribution 
takes on a permanent shape, but the field still decreases as a function of 1 over radial 
distance.  Examples of far-field shapes are shown in Figure 4 and Figure 5. The distance 




                          [4] 
where R is the radial distance from antenna, d is the largest dimension of the antenna, and 
𝜆𝜆 is the wavelength.  
For most antennas studied in this work, the largest dimension of the antenna is the 
height at 12 cm tall. A typical minimum distance for R in this study is 21.18 cm which 
corresponds to a frequency 2.2 GHz which is a wavelength of 13.6 cm.  The typical 
maximum distance for R is 1.92 cm for the frequency 0.2 GHz which corresponds to a 
wavelength of 149.9 cm. 
The radiation patterns for different antenna shapes will be compared in this work.  
An “isotropic” radiation pattern is when the radiation is equally distributed in all 
directions. If an antenna is “omnidirectional” it is isotropic in any single plane, one 




Figure 4: The 3D far-field radiation pattern of a straight monopole antenna, 12cm long, 1 
mm2 square cross sectional area, modeled at 1.8 GHz.  This antenna is omnidirectional. 
 
Another way to classify the pattern of radiation emission from an antenna is 
“directional”. This is where an antenna has signal transmission that is strongest in a 
single direction.  When examining radiation distribution patterns, the main beam is the 
lobe that is the largest.  The smaller lobes, on the sides or facing back, are called side 
lobes and are never able to be fully eliminated.  The orientation and magnitude of these 
lobes indicates where the majority of the power is located where the antenna can send or 





Figure 5: The 3D far-field radiation pattern for the triadic Koch curve 1st iteration (12 cm 
tall, 1 mm2 square cross sectional area) at the lowest modeled S11 minima of 1.84 GHz.  
This antenna exhibits some directionality. 
 
Fractal antennas provide a means to create compact, multiband antennas, some of which 
also have directionality.  The first published studies of fractal antennas were conducted 
by Cohen and Hohfeld (1996) and Cohen (1995, 1996a, 1996b).  Puente-Baliarda, 
Romeau, and Carama (2000) conducted the first study of a fractal monopole using 
numerical and experimental methods to study 6 cm tall antennas, including a straight 
monopole, the triadic Koch generator and first two iterations. 
Bent wires were demonstrated to often have better performance as compared to straight 
wires, to the order of 3 dB (Landstorfer and Sacher, 1985).  With the use of 
computational models, Best (2003) showed that fractal antennas have lower resonant 
resistance and less resonant bandwidth as fractal iteration increases. This work hopes to 




c. COMSOL Simulations  
This thesis uses the commercially available COMSOL Multiphysics® software package. 
COMSOL is a commercial finite element method solver that allows for simulation of 
various physics phenomena such as chemical, mechanical, thermo, and electromagnetics. 
Examples of such models include a helical RF antenna in plasma (Louche et al, 2015), a 
tip-slotted square patch nano-antenna (Sharma et al, 2017), a dipole antenna implantable 
in the human brain (Bakore et al, 2013), a slotted patch antenna (Yi et al, 2013), and a 
pulsed ring-down antenna (Belt et al, 2008). Thus, this package analyzes the properties of 
the fractal antennas without having to construct a physical model. 
i. Finite Element Method 
COMSOL uses the “Finite Element Method” (FEM) to solve for the full Maxwell’s 
equations.  FEM is used to model the physics associated with complex structures and 
materials where it is impossible to derive a closed analytical expression to describe the 
physics.  FEM discretizes the structure into numerous small pieces that are linked with 
boundary conditions that then can be solved using analytical expressions, then each 
adjacent mesh element in solved iteratively. Different probes including domain, global, 
and boundary probes, record various parameters while the simulation is running.  
Recorded parameters include the S11 parameter and the normalized surface electric field.  
For reference, Table 2 provides frequency to wavelength relationships for a range of 









Table 2: ITU radio bands (Radio Spectrum, 2018). The frequency range analyzed in this 
work is from 0.2 to 2.2 GHz (included within the shaded lines of the table). 1 GHz 
corresponds to a wavelength of 30 cm and 2.2 GHz corresponds to a wavelength of 
14 cm. 
Table of ITU radio bands 
Band Number Abbreviation Frequency Range Wavelength Range* 
4 VLF 3 to 30 kHz 10 to 100 km 
5 LF 30 to 300 kHz 1 to 10 km 
6 MF 300 to 3000 kHz 100 to 1000 m 
7 HF 3 to 30 MHz 10 to 100 m 
8 VHF 30 MHz to 0.3 
GHz 
1 to 10 m 
9 UHF 0.3 to 3 GHz 10 to 100 cm 
10 SHF 3 to 30 GHz 1 to 10 cm 
11 EHF 30 to 300 GHz 1 to 10 mm 
12 THF 300 to 3000 GHz 0.1 to 1 mm 
* This column does not form part of the table in Provision No. 2.1 of the Radio Regulations 
 
Table 3: Maxwell’s Equations. Where 𝑬𝑬 is the electric field, 𝑩𝑩 is the magnetic field, 𝜌𝜌 is 
electric charge density, 𝑫𝑫 is the electric displacement field, 𝑯𝑯 is the magnetic field 
intensity, and 𝑱𝑱 is the current. 
Maxwell’s Equations 
∇ ∙ 𝑫𝑫 = 𝜌𝜌 Gauss’s Law 
∇ × 𝑬𝑬 = −𝜕𝜕𝑡𝑡𝑩𝑩 Faraday’s Law 
∇ ∙ 𝑩𝑩 = 0 No Magnetic Monopoles 
∇ × 𝑯𝑯 = 𝑱𝑱 + 𝜕𝜕𝑡𝑡𝑫𝑫 Ampere’s Law 
 
The Finite Element Method (FEM) is demonstrated using the example of the 
temperature of a bar with a thermal source attached to one end.  The farther from the 
thermal source, the less hot the bar will be.  One can model this in such a manner as to 
measure the temperature at different points, indicated by arrows, along the bar (Figure 6 
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LHS). Collecting these data points one can compile a solution of temperature along the 
length of the bar over time.  Due to different scenarios, however, one may need to add 
more elements and even have a higher concentration of data points around specific 
regions of the bar, depending on where one wishes to focus (Figure 6 RHS). COMSOL 
generates a mesh that is adaptive, to best fit the physical model and thereby capture the 





Figure 6: Image of horizontal rod attached to heat source at the left end. LHS: Uniform 
distance between points (indicated by a uniform distribution of arrows along the length of 
the bar). RHS: Complex heat distribution with corresponding nonhomogeneous mesh 
(indicated by a denser distribution of arrows near the center of the bar relative to the ends 
of the bar). 
 
2.  METHODS 
For this study, COMSOL was used to simulate the behavior of antennas.  All antennas 
were generated and analyzed following a standardized procedure.  An overview of the 
process is shown in Figure 7, from generating the shape of fractal antennas using 
MATLAB to processing the data in COMSOL. 
 
 
















A more detailed flow chart of the steps followed within COMSOL is shown in Figure 8.  
The steps followed in COMSOL are described in detail below.  This discussion provides a 
template for future study, enables reproducible results, and provides a detailed record of 
the parameters used for this work.  
 
 
Figure 8: Flow chart of the overall process within COMSOL. 
 
The first step after launching COMSOL is to pick the appropriate research environment. 
For this work, choose the Model Wizard, 3D space, Radio frequency package, and then 
Frequency Domain.  Next, navigate through the Model Builder to set up the different 
components for the simulation.  Set the frequency minimum and maximum to 0.2 and 2.2 
GHz.  Set the dimensions of the ground plate to have a radius of 10 cm and a thickness of 
Open COMSOL New Model Wizard Select 3D Space
Radio Frequency 
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Set Up Study -
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5 mm, with a coaxial port in the center.  Details of construction of a coaxial port can be 
found in the COMSOL tutorial “Sierpinski Fractal Monopole Antenna” (“Sierpinski 
Model, COMSOL Multiphysics® v 5.3”).  Next, create the Perfectly Matched Layer 
(PML).  The antenna is centrally located inside the PML.  Set the mesh element size to 
1/5 the wavelength in order to generate a fine enough mesh to not miss any crucial 
variations along the antenna.  The coarser the mesh, the less accurate the result will be in 
the end.  To model electromagnetic radiation, it is critical that one can resolve the 
wavelength. 
The “Perfectly Matched Layer”, or PML, is a thick outer shell that serves as an 
absorption boundary condition. The PML shell has an (inner) radius of 180 mm and a 
thickness of 35 mm.  The PML provides an absorption boundary that avoids reflection 
back into the system that could skew the results.  The inner boundary of the PML also 
serves as a boundary to the model the far field, rather than requiring solutions that extend 
to infinity. 
For this work, as the antenna shapes are complex and it would have been time-
prohibitive to build the antennas in COMSOL, a stereolithography file of each antenna 
shape was generated in MATLAB and imported into COMSOL.  A stereolithography 
file, or .stl file, is a file type that describes the exterior surface of the antenna. Once 
imported, the shape is converted to a solid.  In addition to creating a solid shape, the 
conversion provides a check of the .stl file, as it may generate an error if there are 
construction flaws in the .stl file, since this command only works with closed surface 





Figure 9: Screen image of converting the .stl file to a solid within COMSOL. 
 
Next, the Model Space is defined to include the coax port, ground plate, and antenna. 




Figure 10: Screen image of the “Model Space” in yellow. “Excluded” domains are red. 
 
The port is set to be a coaxial port, and the thin inner sphere forming the inside boundary 
of the PML is the “Far Field Domain” (Figure 11). As mentioned before in the 
description of calculating the far field, one must be roughly one wavelength away in 
order to be in the vicinity of the far field. COMSOL uses the distance 𝜌𝜌 = ∞ for the far-
field calculation, and the only dependence is on 𝜃𝜃 and 𝜙𝜙 for the 2D and 3D radiation 




Figure 11: Screen image of the far-field domain, which is the spherical purple shell. 
 
The input field is located at the co-axial port in the center of the ground plate.  Next, 
materials are assigned to the antenna, port, and ground plane.  Using the built in 
materials, “Air” is chosen and assigned to the component, meaning one is “placing the 
antenna in open air.”  The “Blank Material” feature is used to define “Teflon” for the 
portion surrounding the port.  Everything else, the antenna, port, and ground plane, are 
automatically set to be a Perfect Electric Conductor (PEC) by default (although copper, 
gold, and other metals could be chosen).  Modeling the antenna as a PEC means there 
will be no loss of power due to conductivity or scattering, since the material will have 
infinite conductivity (zero resistance).  One disadvantage of modeling an antenna as a 
PEC is that there is no real world material that has this quality.  This choice neglects any 
frequency dependent response from the material.  A PEC is useful material to see how the 
fractal shape behaves, rather than the effects from the material used.  Note, that if a 
standing wave does build up, there will be an effective power loss.  One cannot assume 
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no power loss in the antenna itself.  Next, a mesh is created, which divides the overall 
structure into discrete pieces, while maintaining the 1/5 wavelength maximum per mesh 
element size.  Set the mesh to “Finer.”  A finer mesh has a higher number of mesh 
elements and yields a higher resolution solution but requires more computational memory 
and time to solve Maxwell’s equations.  Wire antennas in this study have anywhere from 
60,000 to 90,000 mesh elements.  Carpet antennas have roughly 100,000 mesh elements 
for smaller or simpler antennas, to over 250,000 mesh elements for higher iteration 
antennas.  The quality of mesh is quantified in COMSOL as a range from zero to one.  
Zero is the worst case, a degenerated element, while one is the best mesh possible for 
simulation (COMSOL Multiphysics® v 5.3).  In this study, wire antennas have a 
minimum mesh quality around 0.2 while the minimum mesh quality for carpets was 
anywhere from 0.019 to 0.18.  The corner mounted carpets were the ones with the lower 
minimum mesh quality. 
Finally, in the study section, set the frequency range from minimum to maximum, 
and define the number of steps (Figure 12). In this study, the range is set from 0.2 GHz to 
2.2 GHz with 51 steps.  Click ‘calculate’ to run a simulation.  The solver used was 
FGMRES.  The simulation time for this work generally took several hours.  Once the 
simulation is finished, desired plots, tables, images, and data points from solved solutions 





Figure 12: Screen image of model in “Mesh” view with the study section open. 
Frequency range is set from 0.2 to 2.2 GHz over 51 steps. 
 
3.  RESULTS 
Using the methods described above, the properties of a suite of wire and carpet 
antennas were analyzed.  The results section begins with studying an empty model space 
(no antenna), then wire monopole antennas, and then carpet antennas.   
a. No Antenna 
The first analysis is of the model space to examine the results when there is no 
antenna attached to the port.  As one might anticipate, there is a negligible amount of 
transmitted radiation, with at most .01 V/m in the far field (Figure 13, bottom). The 
normalized surface electric field, the positive magnitude of the surface electric field 
(Figure 13, top) when no antenna is attached to the co-axial port is minimally affected by 





Figure 13.  No Antenna.  3D far field radiation pattern and normalized surface electric 
field for the ground plane with a co-axial port at the center. Top. Normalized surface 
electric field for the frequency with the lowest S11 value (2.2 GHz). Bottom. 3D far field 
radiation pattern for the frequency with the lowest S11 value. Colors indicate surface field 
intensity in units of V/m following the scale at right.  There are minimal variations in S11 
values, 3D far field radiation patterns, and surface electric field patterns with changes in 







b. 1D Antennas – Wires 
A range of wire antennas were analyzed as monopoles attached at one end to the 
co-axial base in the model space.  Wire antenna shapes included a straight wire, triadic 
Koch curve, quadratic Koch curve, and a zig zag curve. The generator, 1st iteration and 
2nd iteration were analyzed for all these shapes with a tip to tip distance of 12 cm and a 1 
mm2 square cross sectional area.  In addition, the effect of changing wire cross-sectional 
area and of scaling the antennas were analyzed for limited shapes.   
i. Straight Wire Antenna 
A straight wire antenna, 12 cm tall with a 1 mm2 cross-sectional area, was 
analyzed as a basis of comparison to the fractal antenna shapes.  The S11 values for the 
straight monopole wire antenna are shown in Figure 14 for frequencies ranging from 0.2 
to2.2 GHz over 0.04 GHz increments. The resonant frequency minimums and associated 
magnitudes are given in summary table later in the text.  
The 2D far field radiation pattern is uniform in all directions for the frequency 
ranges studied (Figure 15a, top).  The 3D radiation, as shown earlier for frequency with 
the lowest S11 minima of 1.8 GHz, is omnidirectional with most of the radiation being 
directed upward (Figure 15a, bottom).  The normalized surface electric field along the 
straight wire is strong at the end farthest from the port with a harmonic, weak then strong, 




Figure 14: S11 versus frequency for the straight wire with 1 mm2 cross-sectional area. The 


















Figure 15a: Straight Wire Antenna. Top: 2D far field radiation pattern for all frequencies 
analyzed.  Bottom:  3D far field radiation pattern for the frequency with the lowest 





Figure 15b: Straight Wire Antenna. Normalized surface electric field for the frequency 
with the lowest observed S11 minima.  Colors indicate surface field intensity in units of 
V/m following the scale at right.   
 
ii. Triadic Koch Curve  
The triadic Koch curve is a fractal generated by taking a straight line segment and placing 
a bend in the middle section, forming a point. This creates the generator of the fractal 
shape (Figure 16).  This generator is iterated by replacing each straight line segment with 
the generator reduced by 1/3, with the tip always pointing left.  Doing this once yields the 
first iteration, repeating the process yields the second iteration (Figure 16).  The triadic 





Figure 16:  Triadic Koch curve shapes.  A straight line is on the left.  Moving right, the 
fractal generator, 1st iteration, and 2nd iteration are shown. 
 
The S11 values for the triadic Koch curve generator, 1st iteration, 2nd iteration, and straight 
monopole wire antenna are shown in Figure 17 for frequencies ranging from 0.2 to 2.2 
GHz.  For each antenna shape, the frequencies with the lowest S11 minima and their 
associated magnitudes are given in summary table later in the text.  For frequencies 
below 1.8 GHz, as the number of iterations increases, the S11 minima shift left, to lower 
frequencies, and up, to weaker minima (Figure 17).  Going from the generator to the 1st 
then 2nd iteration for the lowest frequency set of minima, the gaps are 0.52 GHz (57.65 
cm, -5.82 dB), 0.48 GHz (62.46 cm, -4.38 dB), and 0.44 GHz (68.13 cm, -4.37 dB). The 
second grouping in similar order goes from 1.44 GHz (20.82 cm, -14.19 dB), to 1.28 
GHz (23.42 cm, -10.83 dB), to 1.20 GHz (24.98 cm, -8.64 dB) (Table 4).  This shifting is 
not uniform going from one grouping to the next.  Above 1.8 GHz, the opposite pattern is 
observed, with the 2nd iteration having the lowest S11 minima, and as the number of 
iterations decreases the S11 minima shift right, to higher frequencies and up, to weaker 
minima.  The set after 1.8 GHz goes from 2nd iteration with a minima at 1.92 GHz (15.61 
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cm, -19.61 dB) to the 1st iteration at 2.04 GHz (14.70 cm, -15.32 dB).  Overall, it appears 
that with increasing iteration the pattern of S11 minima spreads outward from 1.8 GHz, 
which is the lowest S11 minima observed for the straight 12 cm monopole antenna.  The 
mesh element size may start to break down as iterations increase since a single line 
segment of the 1st iterated shape is 0.75 cm and the 2nd iteration is 0.1875 cm, which is 
smaller than the mesh element size for the highest frequency, 2.2 GHz, of 𝜆𝜆/5 or 2.73 
cm. 
 





Koch 1st Iteration Koch 2nd Iteration 
Frequency of S11 minima  
(GHz) 
0.6, 1.8 0.52, 1.44 0.48, 1.28, 2.04 0.44, 1.20, 1.92 
Wavelength of S11 minima  
(cm) 













Antenna length (cm) 
(all are 12 cm, measured tip to 
tip) 





Figure 17: S11 versus frequency for the triadic Koch curve generator, 1st iteration, 2nd 
iteration, and straight wire with 1 mm2 cross-sectional area. The values of the S11 minima 
are given in Table 8. 
 
The normalized surface electric field varies as a function of frequency for each 
antenna shape.  The S11 minima correspond to relatively strong surface electric field 
values.  The pattern of the normalized surface electric field is examined for each antenna 
shape for the frequency at which the lowest S11 minima is observed (Figure 18).  For the 
triadic Koch curve, the normalized surface electric field fluctuates along the length of the 
antenna, with regions of stronger surface electric field separated by regions of weaker 
field, following a roughly harmonic behavior.  The tip of the antenna, farthest from the 
port, also exhibits a strong electric field for the frequency for which the S11 value is at a 
minima.  This harmonic pattern is to be expected since the antenna is being fed with a 



















Figure 18: The normalized surface electric field for triadic Koch curve generator (top), 1st 
iteration (middle), and 2nd iteration (bottom) at the frequency with the lowest observed 
S11 minima for that shape (frequency value is at the top of the image).  Colors indicate 




The 2D far field radiation plots for each antenna shape (as viewed from above) for 
all frequencies analyzed are shown in Figure 19.  These are polar plots that go from a 
minimum electric field value of approximately zero at the center of the plot to a 
maximum electric field value at the outer edge.  The plots are in the xy-plane at z equal to 
zero with the center at the origin (located at the center of the coaxial port) and 0° lies 
along the positive x-axis and 90° along the positive y-axis.  There is a closed loop shape 
with a distinct color for each frequency ranging from 0.2 to 2.2 GHz over 51 steps.  It is 
apparent that there is some variability in the magnitude of the far field electric field (size 
of the closed loop shapes) and in the shape of the field.  Variations in the shape of these 
loops from a circle indicate radial directionality in the field.  As would be expected, the 





Figure 19: 2D polar far field radiation plot for the triadic Koch curve antennas.  
Frequencies range from 0.2 to 2.2 GHz in 0.04 GHz increments.  Top to bottom: 
Generator, 1st iteration, and 2nd iteration.  Each closed color loop represents a different 
frequency.  Radial axis is electric field, with near 0 V/m at the center to a maximum 
value at the outer edge.  2D far field radiation plots for each shape for the frequency with 




For each antenna shape, the frequency with the lowest S11 value, and hence the 
strongest electric field, was replotted alone in a polar plot (Figure 20).  For the 2D far 
field radiation plot, the minimum observed far field value is set to be the minimum value 
at the center of the plot.  The result of this plotting convention (Figure 20) is that slight 
variations in the shape of the 2D far field plotted in Figure 19, become exaggerated and 
accentuate any directionality in Figure 20.  The shapes in Figure 20 do not correspond to 
the more “oval” shapes seen when all frequencies are plotted together in Figure 19.  For 
the individual far field plots, note that all three antennas exhibit two strong radiation 
directions, with a fairly symmetrical pattern observed for the generator (Figure 20, top), 
and a stronger lobe in one direction for the 1st and 2nd iterations (Figure 20, middle and 
bottom, respectively).  As one increases from generator to 1st and 2nd iterations the 
directionality changes by a 90° rotation.  The generator is also the weakest, only passing 
0.7 V/m, whereas the 1st iteration passes 0.9 V/m, and the 2nd iteration being the greatest 
value of larger than 1 V/m.  The plots are in the xy-plane at z equal to zero with the 
center at the origin and 0° lies along the positive x-axis and 90° along the positive y-axis.  
The corresponding 3D radiation patterns for each antenna at the frequency with 
the lowest S11 minima are shown in Figure 21.  These 3D plots are for the same 
frequencies shown in Figure 20 for each antenna shape.  These figures show that the 
generator seems to be directing most of its energy upward.  When you iterate the antenna, 
while most of the energy is still directed upward, more and more of the power is observed 
to be spreading out along the base. This is seen how the 3D far field pattern is widest at 




Figure 20: 2D Radiation Plot of triadic Koch curve of frequency with the lowest S11 
minima for each shape.  Top to Bottom: Generator, 1st, and 2nd iteration, respectively.  




Figure 21: 3D far field radiation pattern in the far field for the triadic Koch curve.  
Frequency with the lowest S11 minima for each shape.  Top to bottom: Generator, 1st, and 
2nd iteration, respectively.  Note the expanded horizontal scale for the 2nd iteration.  





Recall, the far field distance, R, for these antennas would be 21.18 cm for the frequency 
2.2 GHz which is a wavelength of 13.6 cm.  The other end of frequency range would 
yield a distance R of 1.92 cm for the frequency 0.2 GHz which corresponds to a 
wavelength of 149.9 cm. 
iii. Quadratic Koch Curve  
The quadratic Koch curve is a fractal pattern which starts by taking a straight line 
segment and bending the wire into an “S” shape with square corners, creating the 
generator of the fractal.  Replacing each straight line segment of the generator with a 
scaled down version of the pattern yields the first iteration, and repeating the process 
gives the 2nd iteration (Figure 22). This fractal has a dimension of 1.58.  
 
Figure 22:  Quadratic Koch curve antenna shapes.  Left to right.  A straight line, the 
fractal generator, 1st iteration, and 2nd iteration. 
 
A comparison of the S11 values for different iterations of the quadratic Koch curve and 
the straight monopole wire antenna are shown in Figure 23.  From Figure 23 one notices 
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the S11 minima get deeper (more negative) as the number of iterations increase in value, 
and exhibit two deeper minima than the straight wire for the quadratic 2nd iteration.  
While a systematic S11 pattern for these antenna is not easily seen, the structure of the 
minima following a similar pattern as the triadic Koch curve antennas.  With increasing 
iteration, the minima located at less than 1.8 GHz again tend to fade to smaller 
frequencies, and those greater than 1.8GHz shift to higher frequencies.  The general 
shape of the curves for each pattern is seen to be similar, and magnitude of the minima 
increases with iteration.  The values from Figure 23, are put in Table 5 for seeing the 
lowest minima occur around multiple values of the overall length on antenna. This also 
emphasizes how it is not a direct linear pattern between the antenna length and S11 
minima frequencies. 
Table 5: Properties of the quadratic Koch curve (QKC) S11 minima. 







Length of one 
piece (cm) 
Generator 0.4 74.95 -3.17 24 3 
  1.72 17.43 -7.37 24 3 
1st 
Iteration 0.32 93.69 -1.95 48 0.75 
  0.76 39.45 -0.87 48 0.75 
  1.16 25.84 -9.27 48 0.75 
  1.52 19.72 -9.11 48 0.75 
  1.96 15.3 -13.71 48 0.75 
  2.2 13.63 -0.82 48 0.75 
2nd 
Iteration 0.32 93.69 -3.21 96 0.1875 
  0.72 41.64 -0.77 96 0.1875 
  1.08 27.76 -10.15 96 0.1875 
  1.4 21.41 -9.77 96 0.1875 
  1.8 16.66 -21.22 96 0.1875 





Figure 23: S11 values for the quadratic Koch curve generator, 1st iteration, 2nd iteration, 
and straight wire.  Table 8 lists the frequency values for the S11 minima observed. 
 
Figure 24 shows the normalized surface electric field on the three quadratic Koch 
antennas for their lowest S11 minima value.  The antennas again exhibit a harmonic 
pattern of alternating strong electric field, then weak, etc., along the length of the antenna 
with the end farthest from the port experiencing a strong electric field, due to exciting the 
wires with a periodic source signal.  If you consider the antenna shape as being 
approximated as a relatively short base section and a distal tip section, between which are 
two horseshoes, with one horseshoe pointing up and one pointing down in Figure 24, the 
strongest electric field occurs along the base and tip sections and along the outside edge 





















Figure 24: The normalized surface electric field from left to right of the quadratic Koch 
curve generator, 1st iteration, and 2nd iteration.  Colors indicate surface field intensity in 




The 2D far field radiation plots for each antenna shape for all frequencies are 
shown in Figure 25.  Recall, for each frequency is a closed loop of a distinct color 
depicting the far field radiation pattern along a horizontal slice at ground level and 0° is 
along the positive x-axis.  As the iterations increase the directionality of this antenna 
increases, with the generator shape being the most uniformly spread out of all the 
patterns.  All of these 2D far field radiation distributions exceed 0.5 V/m for maximum 
values.  The radiation distribution goes from the generator having a roughly uniform 
spread to the left half, to the 1st iteration having some directionality in all directions 
depending on the frequency and maximum facing to the right side, and ending with the 
2nd iteration coming to a butterfly shape distribution with maximum far field strength 





Figure 25: 2D polar far field radiation plot of the quadratic Koch curve antennas for all 
frequencies analyzed.  Top to bottom.  Generator, 1st, and 2nd iteration.  Each closed color 
loop represents a different frequency.  Radial axis is electric field, ranging from near 0 
V/m at the center to a maximum value at the outer edge.  Directionality changes as the 
antenna goes from generator to 1st and 2nd iterations.  2D far field radiation plot for each 




For each antenna shape, the frequency with the lowest S11 value was replotted 
alone in a polar plot (Figure 26).  These far field plots vary a bit more, the generator 
shows a strong radiation direction to the left, symmetrical pattern across the 0° to 180° 
plane (Figure 26, top), with a maximum value larger than 0.6 V/m.  The 1st iteration now 
has one main lobe pointing in the opposite direction, with two side lobes point towards 
120° to 240° (Figure 26, middle), with the largest maximum value greater than 0.7 V/m.  
The 2nd iteration (Figure 26, bottom) now goes back to two lobes, in a butterfly shape, 
with almost no directionality towards 0° to 180° and has the lowest maximum value 
being higher than 0.5 V/m.  
The corresponding 3D radiation patterns for each antenna at the frequency with 
the lowest S11 minima are shown in Figure 27.  These 3D plots are for the same 
frequencies shown in Figure 26 for each antenna shape.  These figures show that while 
most of the energy is directed upward, as you increase your iteration more energy is 
focused directly upward. Note, the increase in magnitude of the 3D far field going from 
the generator reaching 1.17 V/m, the 1st iteration getting to 1.86 V/m, and the 2nd iteration 
reaching the largest value of 2.07 V/m. The generator pattern has more of an arc shape, 
the 1st iteration goes more towards an oval pattern, and the 2nd iteration has the narrowest 
tip but in turn yields to side lobes at the bottom of the radiation pattern. The number of 
iterations seems to have an effect on the 3D radiation distribution for this wire antenna. 
One thing to mention is also that the lowest minima occur at higher frequencies in the 
range as the iterations increase, so potentially the shape could be correlated with what 
“minima number” it is. Moving from lower frequencies to higher frequencies, the 
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generator was at its third minima, 1st iteration at its fifth minima, and the 2nd iteration at 






Figure 26: 2D Radiation Plot of quadratic Koch curve of frequency with the lowest S11 
minima for each shape. Top to Bottom: Generator, 1st iteration, and 2nd iteration, 
respectively.  Note, as iterations increase the directionality changes, yielding three 






Figure 27: 3D far field radiation pattern of the quadratic Koch curve at the frequency 
with the lowest S11 minima for each shape. Top to bottom: Generator, 1st iteration, and 2nd 
iteration, respectively. Ground plane in xy-plane and antenna is generally along the z-
axis, port connection at origin.  
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iv. Zig-Zag Curve 
The Zig Zag curve is a fractal pattern starts by taking a straight line segment and bending 
into a “Z” shape, hence the name.  This creates the generator of the fractal and, in turn, 
replacing each straight line segment with a scaled down version of the generator creates 
the 1st and 2nd iterations. (Figure 28) This fractal has a dimension of 1.29. 
 
Figure 28:  Zig Zag curve antenna shapes.  Left to right. A straight line, the fractal 
generator, 1st iteration, and 2nd iteration are shown. 
 
A comparison of the S11 values for different iterations of the Zig-Zag curve and 
the straight monopole wire antenna are shown in Figure 29.  From Figure 29, the S11 
minima get deeper as the number of iterations increase in value, as seen for the first two 
fractal shapes, except the two lowest minima are less than the straight wire’s lowest 
minima. With increasing iteration, the minima located at less than 1.8 GHz fade towards 
lower frequencies, and those greater than 1.8GHz shift to higher frequencies. The general 
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shape of the curves for each pattern is seen to have the magnitude of the minima increase 
with iteration, except for the lowest minima of the 1st iteration being slightly greater than 
the 2nd iteration. The values from Figure 29, are put in Table 6 for seeing the lowest 
minima occur above multiple values of the overall length on antenna. This also 
emphasizes how it is not a systematic relationship between the overall length of the 
antenna and S11 minima frequencies.  
 
Table 6: Properties Zig Zag curve (ZZC) S11 minima. 







Length of one 
piece (cm) 
Generator 0.48 62.46 -4.95 18 3 
  1.36 22.04 -6.00 18 3 
  2.20 13.63 -9.59 18 3 
1st 
Iteration 0.44 68.13 -4.10 27 0.75 
  1.16 25.84 -2.98 27 0.75 
  1.92 15.61 -14.07 27 0.75 
2nd 
Iteration 0.48 62.46 -4.84 40.5 0.1875 
  1.16 25.84 -2.92 40.5 0.1875 






Figure 29: S11 values for the Zig Zag curve generator, 1st iteration, 2nd iteration, and 
straight wire antenna. Table 8 lists the frequency values for the S11 minima. 
 
Figure 30 displays the normalized surface electric field which follows the pattern of the 
previous antennas, where the strongest electric field tends to occur along the outer edge 
of the horseshoe pattern and the farthest end of the antenna away from the port. This is 



















Figure 30: The normalized surface electric field for Zig Zag curve. Top to bottom. The 
Zig Zag curve generator, 1st iteration, and 2nd iteration. Colors indicate surface field 




The 2D far field radiation plots for each Zig-Zag antenna shape for all frequencies 
are shown in Figure 31.  The antennas exhibit more directionality towards 180° as the 
number of iterations increases. More of the 2D far field radiation rings group together 
farther from the center, not increasing in magnitude only overall location, as one moves 
from the generator to the 2nd iteration.  The 2D far field radiation plots are in the xy-plane 
at z equal to zero with the center at the origin and 0° lies along the positive x-axis and 90° 
along the positive y-axis.  From the generator, which has a maximum value larger than 1 





Figure 31: 2D polar far field radiation plot of Zig Zag curve for all frequencies analyzed. 
Top to bottom. Generator, 1st iteration, and 2nd iteration.  Each closed color loop 
represents a different frequency.  Radial axis is electric field, ranging from near 0 V/m at 
the center to a maximum value at the outer edge.  2D far field radiation plot for each 




The frequency with the lowest S11 value, for each antenna, was replotted alone in a polar 
plot (Figure 32).  These far field plots show the same overall shape, however, the 
magnitude of the rings decrease as the iterations go up, most likely due to internal losses 
such as reflections with the generator having largest maximum greater than 1 V/m.  The 
Zig-Zag antennas have a strong radiation direction to the top (near 90°) and bottom (near 
270°), along y-axis, and a symmetrical pattern across the 0° to 180° axis (Figure 32, top).  
Finally, the corresponding 3D radiation patterns for each antenna at the frequency 
with the lowest S11 minima are shown in Figure 33.  These 3D plots are for the same 
frequencies shown in Figure 32 for each antenna shape.  These figures all show some of 
the energy directed upward; with increasing iteration the energy fans out.  The generator 
pattern has more of a tip for the upward direction, this being due to the fact that we 
haven’t reached the resonant point, rather, we are approaching it at the upper end of the 
frequency range.  The 1st and 2nd iterations both have similar distribution patterns and 





Figure 32: 2D Radiation plot of Zig Zag curve for the frequency with the lowest S11 
minima for each shape. Top to Bottom: Generator, 1st iteration, and 2nd iteration, 
respectively.   The plots are in the xy-plane at z equal to zero with the center at the origin 




Figure 33: 3D far field radiation pattern of the Zig Zag curve for the frequency with the 
lowest S11 minima for each shape. Top to bottom: Generator, 1st iteration, and 2nd 
iteration, respectively.  Note changes in vertical scale. Ground plane in xy-plane and 
antenna is generally along the z-axis, port connection at origin. 
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v. Effects of Antenna Scaling – 4, 6, 8, 10, 12 cm Heights 
Figure 34 shows a comparison of the triadic Koch curve 2nd iteration wire antenna 
S11 minima for antennas scaled to different sizes.  Taking the original 12 cm tall antenna, 
with a 1 mm cross sectional area, the antenna is scaled down to 4, 6, 8, and 10 cm heights 
with matching scaled cross sectional areas.  The shape of the antenna is shown in Figure 
16 (far right).  
 
Figure 34: Plot of S11 verses frequency for the straight wire antenna and for the triadic 
Koch curve 2nd iteration scaled to 4, 6, 8, 10, 12 cm and with proportional cross-sectional 
area.  The frequency values for the S11 minima are given in Table 8.  
 
Table 7 summarizes the results of Figure 34. The frequency of the observed first 
(lowest) and second (second lowest) S11 minima increases as the antenna size gets larger.  
For the 12 cm tall antenna, the lowest minima occurs at 1.92 GHz which is a wavelength 
of 15.61 cm.  The overall length of this antenna is 28.4 cm, which is just about equal to 
two wavelengths if one examines the perimeter of this antenna, leading to the possible 
explanation that the frequency of the S11 minima corresponds to a standing wave. The 













4 cm 6 cm 8 cm 10 cm 12 cm Straight Wire
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the smaller antennas.  For example the largest frequency of 2.2 GHz corresponds to a 
wavelength of 14 cm which is larger than the first few scales of this antenna, more than 
the largest dimension of the antenna doubled.  Once the antenna length becomes an 
appreciable size comparative to the wavelength (1/frequency), the S11 minima begin to 
exhibit larger magnitudes. 
 










Depth of Minima 
(dB) 
4 cm 0.33 mm x 0.33 
mm 
1 1.2 GHz - 6 dB 
6 cm 0.5 mm x 0.5 mm 1 0.8 GHz - 5 dB 
8 cm 0.66 mm x0.66 mm 2 0.6, 1.8 GHz -4, -7.5 dB 
10 cm 0.8 mm x 0.8 mm 2 0.55, 1.45 GHz -4, -8 dB 
12 cm 1 mm x 1 mm  3 0.42, 1.20, 1.92 -4.5, -9, -20 dB 
 
Figure 35 displays the normalized surface electric field which has the strongest 
electric field occurring harmonically along the antenna, along the outer edge of the 
horseshoe pattern (12 cm scale is where it can be seen), and the farthest end of the 
antenna away from the port. The range of color was kept the same for each of the 
antenna, so the smaller the scale the more of the antenna has a strong electric field over 
the length from tip to tip.  As the scale increases, the wavelength starts to be better 
matched with the length of the antenna, so the weak then strong pattern for the electric 





Figure 35a: The normalized surface electric field for the scaled triadic Koch curve 2nd 
iteration at the frequency with the lowest S11 minima.  Top to bottom. 4cm, 6cm, 8cm.  




Figure 35b: The normalized surface electric field for the scaled triadic Koch curve 2nd 
iteration. Top to bottom. 10 cm, 12 cm. 
 
The 2D far field radiation plots for each scaled triadic Koch curve 2nd iteration for 
all frequencies is shown in Figure 36.  As the size of the antenna increases the more 
noticeable the frequency rings deviate from a uniform near-circular shape.  The antennas 
also exhibit more directionality as the size increases.  The antenna shape apparently has 
almost no effect on far field radiation, as evidenced by the nearly circular pattern at all 
frequencies.  These patterns are very similar to the straight monopole wire, until the size 
increases to the 8 cm tall scale.  The 12 cm tall antenna has the greatest maximum value, 





Figure 36a: 2D polar far field radiation plot for the scaled 2nd iteration triadic Koch 
curves for all frequencies analyzed. Top. Top to bottom. 4cm, 6cm, and 8cm. The plots 
are in the xy-plane at z equal to zero with the center at the origin and 0° lies along the 
positive x-axis and 90° along the positive y-axis.  2D far field radiation plot for each 




Figure 36b: 2D polar far field radiation plot for the scaled 2nd iteration triadic Koch curve 
for all frequencies analyzed. Top to bottom.10 cm and 12 cm. The plots are in the xy-
plane at z equal to zero with the center at the origin and 0° lies along the positive x-axis 
and 90° along the positive y-axis.  2D far field radiation plot for each shape for the 
frequency with the lowest S11 value are plotted in Figure 37. 
 
A polar plot of the frequency for the lowest S11 value, for each antenna, was 
replotted alone in a polar plot (Figure 37).  These far field plots show the same overall 
shape, but at the 12 cm scale the directionality shifts 90°. Once the scaling size of the 
antenna becomes relevant, beginning at 8 cm tall, the magnitude of the far field radiation 
increases as the iterations go up.  This shows a correlation to overall height playing a role 
in directionality for when the antenna can have a better wavelength to overall length 
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ratio. If the antenna does not reach the largest scale, the directionality mostly remains in 
the y-axis, 90° to 270°. 
The corresponding 3D radiation patterns for each antenna at the frequency with 
the lowest S11 minima are shown in Figure 38.  These 3D plots are for the same 
frequencies shown in Figure 37 for each antenna scale.  The first two figures show the 
energy spread almost equally around the antenna in an apple shape.  Once the antenna the 
reaches 8 cm tall scale, the fractal antenna starts having an effect on the 3D radiation 
distribution plot.  As the antenna scale increases, the distribution of energy directed 
upward decreases, and side lobes are produced which expand as antenna scale, and 





Figure 37a: 2D Radiation plot for the triadic Koch curve scaled for the frequency with the 
lowest S11 minima for each antenna length. Top to Bottom: 4cm, 6cm, and 8cm. The 
plots are in the xy-plane at z equal to zero with the center at the origin and 0° lies along 





Figure 37b: 2D Radiation plot for the triadic Koch curve scaled for frequency with the 
lowest S11 minima for each antenna length. Top to Bottom: 10 cm and 12 cm. The plots 
are in the xy-plane at z equal to zero with the center at the origin and 0° lies along the 






Figure 38a: 3D far field radiation plot for the 2nd iteration triadic Koch curve for the 
frequency with the lowest S11 minima for each antenna length. Top to bottom: 4 cm, 6 
cm, and 8 cm.  Ground plane in xy-plane and antenna is generally along the z-axis, port 




Figure 38b: 3D Radiation plot for the 2nd iteration triadic Koch curve for frequency with 
the lowest S11 minima for each antenna length. Top to bottom: 10 cm and 12 cm.  Ground 




vi. Effects of Changing Antenna Cross Sectional Area 
Figure 39 compares the triadic Koch curve 2nd iteration wire antenna S11 minima for four 
antenna cross sectional areas, while maintaining a tip to tip distance of 12 cm.  The 
cross-sectional area was analyzed for 0.5, 1.0, 1.5, and 2.0 mm2 square cross sectional 
area, as seen in the normalized surface electric field pictures in Figure 40.  As the cross-
sectional area of the antenna increases the locations of the minima all shift to higher 
frequencies.  The first grouping occurs from 0.5 to 2.0 mm2 at 0.40, 0.44, 0.44, and 0.48 
GHz.  The next the grouping occurs at, in parallel order, 1.16, 1.20, 1.24, and 1.28 GHz.  
Finally, the last grouping has minima at 1.84, 1.92, 1.96, and 2.00 GHz.  While the 
spacing may have been equally spread for the last two groupings, the first grouping and 
the space between the different groupings is not linear.  Spacing from first to second 
grouping is either 0.76 or 0.80 GHz difference, whereas the second to third grouping 
difference is 0.68 or 0.72 GHz difference.  All the minima also get deeper with increasing 
cross-sectional area, except for the very last minimum of the 2.0 mm2 cross-sectional area 






Figure 39: Plot of S11 verses frequency for the triadic Koch curve 2nd iteration for cross-
sectional areas of 0.5, 1.0, 1.5, and 2.0 mm2. Table 8 lists the frequency values for the S11 
minima. 
 
The electric surface norm plots for the frequency with the lowest S11 minima for each 
antenna shape are shown in Figure 40.  The overall normalized surface electric field 
decreases as you increase surface area, as expected. These antennas follow the same 
pattern of weak then strong electric fields, changing harmonically along their length. 
Also, the same horseshoe pattern is observed and is more pronounced as cross-sectional 
areas are increased.  All antennas exhibit a strong surface electric field at the end farthest 


















Figure 40a: The normalized surface electric field for the triadic Koch curve 2nd iteration 
with different cross-sectional areas. Top to bottom. 0.5 mm2, 1.0 mm2 cross-sectional 




Figure 40b: The normalized surface electric field for the triadic Koch curve 2nd iteration 
with different cross-sectional areas. Top to bottom. 1.5 mm, 2.0 mm cross-sectional 
areas.  Colors indicate surface field intensity in units of V/m following the scale at right.   
 
The 2D far field radiation plots for each triadic Koch curve 2nd iteration with 
different cross-sectional areas for all frequencies are shown in Figure 41.  When the 
cross-sectional area increases, the frequency rings become more closely grouped. The 
frequency rings also become larger in magnitude as the cross-sectional area is increased, 
starting with 0.5 mm2 with a maximum under 1 V/m up to 2.0 mm2 with a maximum 





Figure 41a: 2D polar far field radiation plot of 2nd iteration triadic Koch curve with 
different cross-sectional areas for all frequencies analyzed. Top to bottom. 0.5 mm2, 1.0 
mm2 cross-sectional areas. The plots are in the xy-plane at z equal to zero with the center 
at the origin and 0° lies along the positive x-axis and 90° along the positive y-axis.  2D 
far field radiation plot for each shape for the frequency with the lowest S11 value are 




Figure 41b: 2D polar far field radiation plot of 2nd iteration triadic Koch curve with 
different cross-sectional areas for all frequencies analyzed. Top to bottom. 1.5 mm2, 2.0 
mm2 cross-sectional areas. The plots are in the xy-plane at z equal to zero with the center 
at the origin and 0° lies along the positive x-axis and 90° along the positive y-axis.  2D 
far field radiation plot for each shape for the frequency with the lowest S11 value are 
plotted in Figure 42. 
 
The frequency with the lowest S11 value, for each antenna, was replotted alone in a polar 
plot (Figure 42).  These far field plots have the similar patterns, but the 1.0 mm cross-
sectional area has the largest magnitude pointing towards 180°. Each far field plot has 
two lobes, symmetric about the 90° and 270° axis, with the main lobe pointing towards 
180°. One may be able to vary the cross-sectional area more and work towards making 
this more of an asymmetrical dipole distribution.  
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Finally, the corresponding 3D radiation patterns for each antenna at the frequency 
with the lowest S11 minima are shown in Figure 43. These 3D plots are for the same 
frequencies shown in Figure 42 for each antenna shape.  As expected, all of the antennas 
have the same overall shape for their distribution.  The only difference is as the cross-
sectional area is increased, more energy is directed upward, as seen by the changing 








Figure 42a: 2D radiation plot of 2nd iteration triadic Koch curve with different cross-
sectional areas for the frequency with the lowest S11 minima for each shape. Top to 
bottom. 0.5 mm2, 1.0 mm2 cross-sectional areas. The plots are in the xy-plane at z equal 
to zero with the center at the origin and 0° lies along the positive x-axis and 90° along the 





Figure 42b: 2D Radiation Plot of 2nd iteration triadic Koch curve with different cross-
sectional for the frequency with the lowest S11 minima for each shape. Top to bottom. 1.5 
mm2, 2.0 mm2 cross-sectional areas. The plots are in the xy-plane at z equal to zero with 
the center at the origin and 0° lies along the positive x-axis and 90° along the positive y-





Figure 43a: 3D far field radiation pattern of the 2nd iteration triadic Koch curve with 
different cross-sectional areas for the frequency with the lowest S11 minima for each 
shape. Top to bottom. 0.5 mm2, 1.0 mm2 cross-sectional areas. Ground plane in xy-plane 





Figure 43b: 3D far field radiation pattern of the 2nd iteration triadic Koch curve with 
different cross-sectional areas for the frequency with the lowest S11 minima for each 
shape. Top to bottom. 1.5 mm2, 2.0 mm2 cross-sectional areas. Ground plane in xy-plane 





Table 8.  Summary of wire antenna properties and results  
Carpet Shape D Iteration Antenna Height 







one piece of 
the Iterated 
Shape, cm 





1.58 Gen. 12cm/1mm2 24 3 0.4, 1.0, 1.72 
QKC 1.58 1st  12cm/1mm2 48 0.75 0.32, 1.16, 
1.52, 1.96 
QKC 1.58 2nd  12cm/1mm2 96 0.1875 0.32, 1.08, 1.4, 
1.8, 2.12 
Zig-Zag Curve 
(ZZC) 2mm2  


















1.29 2nd  12cm/1mm2 40.5 0.1875 0.48, 1.16, 1.84 
Triadic Koch 
Curve (TKC) 
1.26 1st  12cm/1mm2 21.3 1.33 0.48, 1.28, 2.04 
TKC, 0.5mm 1.26 2nd  12cm/ 0.5mm2 28.4 0.44 0.40, 1.16, 1.84 
TKC, 1.0mm 1.26 2nd  12cm/ 1.0mm2 28.4 0.44 0.44, 1.20, 1.92 
TKC, 1.5mm 1.26 2nd 12cm/ 1.5mm2 28.4 0.44 0.44, 1.24, 1.96  
TKC, 2.0mm 1.26 2nd 12cm/ 2.0mm2 28.4 0.44 0.48, 1.28, 2.00 
TKC, 4cm 1.26 2nd  4cm/  0.33mm2 9.48 0.148 1.24 
TKC, 6cm 1.26 2nd  6cm/  0.5mm2 14.2 0.22 0.84, 2.20 
TKC, 8cm 1.26 2nd  8cm/  0.67mm2 18.96 0.296 0.64, 1.80 
TKC, 10cm 1.26 2nd  10cm/  0.83mm2 23.7 0.370 0.52, 1.44, 2.20 
TKC,  Gen., 
1mm 
1.26 Gen. 12cm/1mm2 16  4 0.52, 1.44 
Straight Wire, 
Monopole  
1.00 - 12cm/1mm2 12 - 0.6, 1.8 




c. 2D Antennas - Carpets 
This section considers square 2D antennas, called carpet antennas, which were 
built using 3D space.  All carpets are square with a 6 or 12 cm side length and a thickness 
of 1 mm. Different connections to the port were made for these square antennas. The port 
was either connected to the flat side (side-mounted) or connected at a corner (corner-
mounted).  Other variations in antennas were the number of iterations and whether the 
fractal patterns were deterministic or stochastic.  The process of iteration is similar to that 
described by for a wire, but rather than replacing straight line segments, portions of the 
antenna are removed instead. All antennas were analyzed over the same frequency range, 
0.2 to 2.2 GHz over 51 steps, as was done for the wire antennas. This is similar to patch 
antennas, which are placed flat on a ground plane offering size, weight, and performance 
benefits (Constantine, 2016), except this report does the antennas mounted vertically.  
 
i. Solid Square Sheet Carpet 
The solid square sheet antenna is a square antenna, 12 cm length on each side, 
which is analyzed in two configurations: connected to the side (side-mounted) and 
connected at a corner (corner-mounted).  An image of the solid square sheet shape is 
shown in Figure 44.  This analysis provides a basis of comparison to other sheet antennas 
 
Figure 44: Image of solid square sheet antenna. 
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First, the side-mounted solid square sheet antenna is analyzed. The S11 minima are 
shown in Figure 45. The lowest minima is located at 0.76 GHz with a value of -11.9 dB, 
which is the only minima for this antenna below -10 dB.  This frequency corresponds to a 
wavelength of 39.45 cm, which is smaller than the 48 cm perimeter of the square antenna.  
The 2D far field radiation plot for all frequencies is in Figure 46.  The 2D far field at the 
lowest minima, 0.72 GHz, has a simple bi-lobal far field radiation pattern with its 
orientation directed at roughly 90° and 270°, along the y-axis. If one looks at all the 
frequencies the orientation of the 2D far field lobes shift with frequency, changing from 
roughly uniform with slight vertical skewing, to mostly up and down, and then left and 
right. The 2D far field radiation pattern for frequency with lowest minima, is similar to 
those of a square loop antenna (Stutzman, 2011).  
 
 
Figure 45: S11 verses frequency for a solid square sheet antenna mounted along one edge. 
Range of frequencies is 0.2 to 2.2 GHz in increments of 0.04 GHz. Table 9 lists the 





















Figure 46: Analysis of a side-mounted solid square sheet antenna. Top Left. 2D far field 
radiation pattern at the lowest S11 minimum (Figure 45), Top Right. 2D far field radiation 
pattern for all frequencies within range of 0.2 to 2.2 GHz over 51 steps. Bottom Left. 3D 
far field radiation pattern at the lowest S11minimum (Figure 45), Bottom Right. Electric 
surface field norm at the lowest S11 minimum (Figure 45). 
 
The corner-mounted solid square sheet antenna, is analyzed next. This is the same shape 
as Figure 44 only rotated 45°. This antenna has multiple minima of greater magnitude 
than observed for the edge-mounted configuration, with the only minima greater than -
10dB located at 1.64 GHz with -18.7 dB (Figure 47). This frequency’s corresponding 
wavelength is 18.28 cm, which is a bit larger than a third of the distance of the perimeter 






Figure 47: S11 verses frequency for a corner-mounted solid square sheet antenna. Range 
of frequencies is 0.2 to 2.2 GHz in increments of 0.04 GHz. Table 9 lists the number of 
S11 minima, frequency of minima, and magnitude of minima. 
 
Figure 48 displays the normalized surface electric field, 2D and 3D far field at 1.64 GHz, 
the lowest S11 minima, as well as the 2D far field radiation distribution for all frequencies 
studied. The 2D far field radiation distribution shows no directionality up or down, but 
rather branches out to 45°, 135°, 225°, and 315°. The 2D far field radiation distribution 
for all frequencies exhibits changes in the directionality with increasing frequency, from 
omnidirectional, to up and down, and then to the right and left. These distributions are 






















Figure 48: Analysis of corner-mounted solid square sheet antenna. Top Left. 2D far field 
radiation pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation 
pattern for all frequencies within range of 0.2 to 2.2GHz over 51 steps. Bottom Left. 3D 
far field radiation pattern at the lowest minimum in the S11 plot. Bottom Right. Electric 





ii. Sierpinski carpet 
The Sierpinski carpet, a pattern described by Sierpinski (Sierpinski, 1916), is 
generated stochastically to the 1st iteration. To generate a Sierpinski carpet, start with a 
square, break that square into 9 equal-area smaller squares, and remove the center piece.  
This shape is the generator. Using the generator, replace each of the remaining squares 
with a scaled down version of the generator to yield the first iteration. Repeat this again 
for the further iterations (Figure 49). This way of iterating is deterministic.  If, instead of 
removing the center hole, one were to pick a random square to remove, this will create a 
stochastic fractal pattern (Figure 50).  As with the solid plane, the effects of port location 
are studied.   
 
 
Figure 49: Deterministic Sierpinski carpet iterations. Left to right. A solid square sheet, 










iii. Deterministic Sierpinski Carpets – Effects of Higher Iterations 
This section will examine deterministic carpet antennas. The deterministic Sierpinski 
carpet for the 2nd, 3rd, and 4th iteration are studied (Figure 51, 4th iteration not shown), 
however, only the 2nd and 3rd iterations will have results for the 2D, 3D radiation patterns 
and normalized surface electric fields. Below is an image of the sequence iterations, 
progressing from a square to a deterministic 3rd iteration Sierpinski carpet (Figure 51). 
 
 
Figure 51: Deterministic Sierpinski carpet. Left to right. A solid square sheet, generator, 
1st, 2nd, and 3rd iteration. 
 
Figure 52 plots the S11 minima as a function of frequency for the deterministic side-
mounted Sierpinski carpet 2nd, 3rd, and 4th iteration  These antenna all have essentially the 
same plots S11 versus frequency, with only slight variations and the 4th iteration going the 
lowest. Once the size of the holes in the antenna becomes small enough, the variations in 
hole distribution apparently do not contribute to the S11 minima results within the 
frequency range covered in this study. Another possibility is that the mesh generated in 
COMSOL Multiphysics is insufficient for these size holes, since the mesh element size is 




Figure 52: Plot of S11 verses frequency for the deterministic side-mounted Sierpinski 
carpet 2nd, 3rd, and 4th iteration. Table 9 lists the frequency values for the S11 minima 
observed. 
 
The normalized surface electric field of the antennas are also nearly identical with all 
regions with strong surface electric field being located on the outer rim of the square, 
similar to the solid square sheet antenna shown in Figure 53. This suggests standing 
waves are present in these antennas. The overall size length of the antenna may have 





















Figure 53: The normalized surface electric field for deterministic 2nd iteration Sierpinski 
carpet. Top to bottom. Deterministic side-mounted Sierpinski carpet 2nd and 3rd iteration.  
Colors indicate surface field intensity in units of V/m following the scale at right.   
 
The 2D far field radiation pattern for all frequencies analyzed is plotted in Figure 54 for 
the 2nd and 3rd iteration deterministic Sierpinski carpets. These two plots are identical to 
one another which may be due to the mesh being insufficient for this frequency range. 
The antennas exhibit a change in directionality as the frequency changes. The antennas 
are fairly uniform in distribution until the frequency is high enough to start taking affect 
with the whole antenna changing the direction of the distribution. Both antennas 
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maximum 2D far field radiation distribution come close to 1 V/m. These also have the 
same 2D far field radiation distribution as the solid square sheet antenna. 
 
 
Figure 54: 2D polar far field radiation plot for deterministic 2nd iteration Sierpinski 
carpet. Top to bottom. Deterministic side-mounted Sierpinski carpets 2nd and 3rd iteration 
for all frequencies analyzed.  2D far field radiation plot for each shape for the frequency 
with the lowest S11 value are plotted in Figure 55. 
 
2D far field radiation plot for frequency with the lowest S11 minima are plotted in Figure 
55. All of the deterministic higher order iteration Sierpinski carpets have the same 
minima at 0.72 GHz, with a magnitude greater than 0.9 V/m. The distribution is pointing 





Figure 55: 2D Radiation plot for deterministic 2nd iteration Sierpinski carpet. Top to 
bottom. The deterministic side-mounted Sierpinski carpet 2nd and 3rd iteration of 
frequency with the lowest S11 minima for each shape. 
 
The 3D far field radiation pattern of the 2nd and 3rd deterministic iteration carpet antenna 
at the frequency with the lowest S11 minima for each is shown in Figure 56.  Both carpet 
antennas have the same minima frequency of 0.72 GHz, with maximum magnitude 
distribution of 0.99 V/m. The overall far field radiation distribution is the same and is 
fairly uniform. The axes are labeled in the bottom left corner of each image (Figure 56) 





Figure 56: 3D Radiation plot for deterministic 2nd iteration Sierpinski carpet. Top to 
bottom. The deterministic side-mounted Sierpinski carpet 2nd and 3rd iteration of 
frequency with the lowest S11 minima for each shape. Ground plane in xy-plane and 





iv. Deterministic Sierpinski Carpet 2nd Iteration – Effect of Edge Mount vs Corner Mount, 
and Full Size vs Half Size 
This next section considers the deterministic Sierpinski 2nd iteration carpet antenna 
(Figure 57). Variations in the port location and size of the antenna were studies. When 
the length of antenna side is changed from 12 cm to 6 cm the thickness remains 1 mm. 
 
 
Figure 57: Deterministic 2nd iteration Sierpinski carpet shape. 
 
Shown below in Figure 58 is a comparison of the different S11 minima for the Sierpinski 
carpet 2nd iteration via side attachment for the 6 cm and 12 cm tall antennas, and the 
corner-mounted 6 cm and 12 cm tall antennas.  The largest minimum by far is observed 
for the 6 cm tall side-mounted deterministic Sierpinski carpet 2nd iteration antenna; with 
only one minimum at a frequency near 1.25 GHz (𝜆𝜆 = 24 𝑐𝑐𝑐𝑐). This frequency 
corresponds to the length of the outer perimeter of this antenna, which suggests a causal 
relationship between a wavelength that is equal to the perimeter of the antenna and a 
strong S11 minima.  The corner-mounted 6 cm antenna did not have this deep minima, 
despite having same perimeter length. The 12 cm side-mounted and 6 and 12 cm corner-
mounted antennas exhibit multiple S11 minima. The results again indicate that the antenna 
orientation and size yield variations in the locations for the S11 minima, but that that the 
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Figure 58: S11 values for the deterministic 2nd iteration Sierpinski carpet port variations 
and size. 12cm side-mounted and corner-mounted, and 6 cm side-mounted and corner-
mounted. Table 9 lists the frequency values for the S11 minima observed. 
 
by looking at the normalized surface electric fields of these antennas, in Figure 59, it is 
apparent that all exhibit a strong surface electric field along the outer rim. Each antenna is 
displayed at the frequency with the lowest S11 minima.  The 6 cm side-mounted antenna 
exhibited the lowest S11 minima also has the strongest magnitude for the normalized 





















Figure 59a: The normalized surface electric fields for the deterministic 2nd iteration 
Sierpinski carpet port variations and size. Top to bottom. 12 cm side-mounted, 6cm side-
mounted.  Colors indicate surface field intensity in units of V/m following the scale at 




Figure 59b: The normalized surface electric fields for the deterministic 2nd iteration 
Sierpinski carpet with variations in size. Top to bottom. 12 cm corner-mounted, 6 cm 
corner-mounted.  Colors indicate surface field intensity in units of V/m following the 
scale at right.   
 
The 2D far field radiation pattern for all frequencies analyzed is plotted in Figure 
60. All the antennas have initially the same structure till the frequency gets large enough 
to start taking affect and change the directionality of the antennas. For the 12 cm versions 
they were able to show vast shifts in directionality from roughly uniform, to left and 
right, and to up and down. The corner-mounted 12 cm version seems to have a larger 
magnitude pointing from 0° to 180°. The side-mounted has a larger magnitude reaching 
almost 1 V/m. The two 6 cm deterministic 2nd iteration Sierpinski carpet antennas both 
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have roughly the same distribution, being fairly uniform to pointing 90° and 270°. These 
antennas may have been too small for the range covered, until they got to a high enough 
frequency to start having noticeable affects. 
 
 
Figure 60a: 2D polar far field radiation plot of deterministic 2nd iteration Sierpinski carpet 
port and size variations for all frequencies analyzed. Top to bottom. Carpet side-mounted 
12 cm, 6cm.. Note, that depending on the frequency analyzed the directionality changes.  
2D far field radiation plot for each shape for the frequency with the lowest S11 value are 




Figure 60b: 2D polar far field radiation plot of deterministic 2nd iteration Sierpinski 
carpet port and size variations for all frequencies analyzed. Top to bottom. Carpet corner-
mounted 12 cm, 6cm. Depending on the frequency analyzed the directionality changes. 
2D far field radiation plot for each shape for the frequency with the lowest S11 value are 
plotted in Figure 61. 
 
The 2D far field radiation plot for frequency with the lowest S11 minima is shown 
below (Figure 61). Each antenna had roughly the same distribution from 90° to 270° with 
no distribution left or right, except for the 12 cm corner-mounted carpet antenna. The 12 
cm corner-mounted carpet antenna has a pattern that distributes to four different 
directions: 45°, 135°, 225°, and 315° with no distribution up or down. The downside of 
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this antenna is that it has the weakest magnitude with just passing 0.6 V/m. The strongest 
in magnitude is the 12 cm side-mounted antenna with a magnitude larger than 0.9 V/m. 
 
 
Figure 61a: 2D Radiation Plot of deterministic 2nd iteration Sierpinski carpet port and size 
variations for the frequency with the lowest S11 minima for each shape. Top to bottom. 




Figure 61b: 2D Radiation Plot of deterministic 2nd iteration Sierpinski carpet port and 
size variations for the frequency with the lowest S11 minima for each shape. Top to 
bottom. Carpet corner-mounted12 cm, 6cm. 
 
3D radiation pattern of frequency with the lowest S11 minima for each shape is shown 
below (Figure 62). The 12 cm corner-mounted carpet antenna has a 3D radiation 
distribution that is directed upward in a square like shape, with complex patterns for the 
back lobes, and the strongest magnitude of 1.34 V/m. The 12 cm side-mounted antenna is 
roughly a uniform distribution with the weakest magnitude at 0.99 V/m. The 6 cm side-
mounted has a uniform distribution around (omnidirectional?) with a slight skew pushing 
upward, with a maximum magnitude of 1.03 V/m. The 6 cm corner-mounted carpet 
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antenna is directing it radiation distribution upward and looks to be starting to form a 
similar shape of that like the 12 cm corner-mounted antenna. The 6 cm corner-mounted 




Figure 62a: 3D Radiation Plot of deterministic 2nd iteration Sierpinski carpet port and size 
variations for the frequency with the lowest S11 minima for each shape. Top to bottom. 
Carpet side-mounted 12 cm, 6cm. Ground plane in xy-plane and antenna is generally 




Figure 62b: 3D Radiation Plot of deterministic 2nd iteration Sierpinski carpet port and 
size variations for the frequency with the lowest S11 minima for each shape. Top to 
bottom. Carpet Corner Attached 12 cm, 6cm. Ground plane in xy-plane and antenna is 
generally along the z-axis, port connection at origin. Note the changing z-axis scale. 
 
v. Stochastic Sierpinski Carpet – Effect of Changing Location of Port 
The effect on the position and magnitude of the S11 minima by changing the location of 
the port from side-mounted to corner-mounted on a random 1st iteration Sierpinski carpet 
is analyzed. Figure 63 shows the different stochastic carpet antennas and their 
corresponding mounting positions. The antenna is mounted at the center bottom of the 





Figure 63: Stochastic Sierpinski carpet 1st iterations shapes. Left to right. side-mounted, 
corner-mounted version 1, corner-mounted version 2, and corner-mounted version 3.  Not 
to scale.  All are 12 cm on a side. 
 
As shown in Figure 64, the location and magnitude of the S11 minima are strongly 
affected by both the mounting configuration and rotation of the carpet. The lowest of 
these minima is around 1.1 GHz for the corner-mounted version 2. This fractal antenna 
exhibits multiple S11 minima, located at different frequencies depending on antenna 
orientation. The normalized surface electric field (Figure 65) shows that the outer edges 
of the antenna have a strong surface electric field, indicating that how the antenna is 
attached changes where the normalized surface electric field is strongest. This effect may 








Figure 64: Plot of S11 verses frequency for a random Sierpinski carpet antenna side-
mounted and corner-mounted, version 1, version 2, and version 3. Frequency range is 
from 0.2 to 2.2 GHz in 0.04 GHz increments. Table 9 lists the frequency values for the 
S11 minima observed. 
 
The normalized surface electric field is the plotted for the frequency with the lowest S11 
minima (Figure 65). These stochastic carpets have the strongest fields along the outer 
edges of the antenna. The strongest portion for the carpets attached at a corner seem to be 
near the port side of the antenna and the corner farthest away. The only exception would 
be the corner-mounted version 2 where the middle corner nearest the portion with the 


















Figure 65a: The normalized surface electric field from top to bottom for a random 
Sierpinski carpet antenna side-mounted, and corner-mounted, version 1.  Colors indicate 




Figure 65b: The normalized surface electric field from top to bottom for a random 
Sierpinski carpet antenna corner-mounted, version 2 and version 3.  Colors indicate 
surface field intensity in units of V/m following the scale at right.   
 
The 2D far field radiation for all frequencies analyzed from 0.2 to 2.2 GHz is plotted in 
Figure 66. The radiation distribution tends to fade to 0° and 90° for all of them. The 
direction shifts from being roughly uniform to directional when the frequency gets high 
enough to interact with the carpet antenna. The lower frequencies do not have enough 
power to affect the overall distribution. Interestingly, even though corner-mounted 
version 2 and corner-mounted version 3 are both missing the same square location from 
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the generator, when the 1st iteration is analyzed for an antenna with different locations for 
the smaller holes, the 2D far field radiation distribution is strongly affected. 
 
 
Figure 66a: 2D polar far field radiation plot for a random Sierpinski carpet antenna side-
mounted, and corner-mounted, version 1, version 2, and version 3 for all frequencies 




Figure 66b: 2D polar far field radiation plot for a random Sierpinski carpet antenna side-
mounted and corner-mounted, version 1, version 2, and version 3 for all frequencies 
analyzed. Top to bottom. Version 2, version 3. 
 
The 2D far field radiation plot for frequency with the lowest S11 minima are plotted 
below (Figure 67). These antennas each have a different distribution, however, side-
mounted, corner-mounted version 2, and corner-mounted version 3 all have the radiation 
distributed mostly to 90° and 270°. The corner-mounted version 1, has a unique 
distribution with most of its radiation pointing to 0° with two lobes at 125° and 235°. It is 
however the weakest in terms of strength, by not even making it to 0.6 V/m where all the 




Figure 67a: 2D Radiation Plot for a random Sierpinski carpet antenna side-mounted and 
corner-mounted, version 1, version 2, and version 3 for the frequency with the lowest S11 
minima for each shape. Top to bottom. Side-mounted, version 1. The change in port 
location and stochastic distribution of holes in the antenna play a major role in 




Figure 67b: 2D Radiation Plot for a random Sierpinski carpet antenna side-mounted and 
corner-mounted, version 1, version 2, and version 3 for frequency with the lowest S11 
minima for each shape. Top to bottom. Version 2, version 3. The change in port location 
and stochastic distribution of holes in the antenna play a major role in determining the 2D 
far field radiation distribution. 
 
Taking the same frequencies with the lowest S11 minima for each shape, the 3D radiation 
pattern is analyzed (Figure 68). The side-mounted antenna has a fairly uniform 
distribution, whereas the corner-mounted versions 2 and 3 have their radiation spread 
further to the right along the positive x-axis. The antenna is centered at the origin and the 
axes are labelled in the bottom left corner of the 3D far field radiation plots (Figure 68). 
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The corner-mounted version 1 has its distribution directed mostly upward in a square like 
fashion and having strongest field at 1.4 V/m. 
 
 
Figure 68a: 3D Radiation Plot for a random Sierpinski carpet antenna side-mounted and 
corner-mounted, version 1, version 2, and version 3 for frequency with the lowest S11 
minima for each shape. Top to bottom. Side-mounted, version 1. Ground plane in xy-
plane and antenna is generally along the z-axis, port connection at origin. Note the 




Figure 68b: 3D Radiation Plot for a random Sierpinski carpet antenna side-mounted and 
corner-mounted, version 1, version 2, and version 3 corner-mounted for frequency with 
the lowest S11 minima for each shape. Top to bottom. Version 2, version 3. Ground plane 
in xy-plane and antenna is generally along the z-axis, port connection at origin. Note the 
changing z-axis scale. 
 
vi. Stochastic Sierpinski Carpet – Effect of Number of Iterations  
Three stochastic Sierpinksi carpets were generated, a generator, 1st iternation, and 2nd 
iteration (Figure 69).  The random location of the holes in each antenna were reselected 
for each iteration so in each version they are in different positions. Note that the random 
third iteration side-mounted Sierpinski carpet follows the same rules for its stochastic 
creation as the other two, only the upper right rather than upper left section was removed 





Figure 69: Stochastic Sierpinski carpet iterations. Left to right. 1st, 2nd, and 3rd iteration. 
 
Figure 70, plots the random side-mounted Sierpinski carpet S11 minima, as iterations 
increase from the 1st to the 3rd. The lowest minima occurs for the random second iteration 
side-mounted Sierpinski carpet around 0.8 GHz.  
 
 
Figure 70: S11 values for the Stochastic Sierpinski carpet 1st to 3rd iteration. Table 9 lists 
the frequency values for the S11 minima observed. 
 
Electric field surface plots show the field strength is correlated with the minima to 
be located around the edges of the antenna, seen in Figure 71. This is likely evidence of 
standing waves. The middle of all of these antenna are still dark blue indicating there is a 






















Figure 71: The normalized surface electric field for the random side-mounted Sierpinski 
carpet for the frequency with the lowest S11 minima for each shape. Top to bottom. 1st, 
2nd, and 3rd iterations.  Colors indicate surface field intensity in units of V/m following 




The 2D far field radiation plots for all frequencies analyzed are shown in Figure 72. Each 
frequency has a corresponding closed colored loop for the range of 0.2 to 2.2 GHz in 0.04 
GHz increments. The 1st and 2nd stochastic iteration antennas have their radiation 
distribution towards 0°, where the 3rd iteration is pointing in the opposite direction. This 
change of direction is most likely due to the generator of the 3rd iteration stochastic carpet 
antenna having the square removed from the opposite side as compared to the other two 
carpets. Each of these distributions have a frequency where they are stronger than 1 V/m. 
Most change seems to come from the back and side lobes changing in magnitude. All of 
them still exhibit roughly uniform distribution until the frequency becomes large enough 





Figure 72: 2D polar far field radiation plot for the random side-mounted Sierpinski 
carpets for all frequencies analyzed. Top to bottom. 1st, 2nd, and 3rd iteration. Distribution 
of 2D far field radiation is changing as a function of frequency and iteration. 2D far field 





2D Radiation plot for the frequency with the lowest S11 minima for each shape is roughly 
the same with the distribution pointing towards 90° and 270° (Figure 73). The stochastic 
3rd iteration carpet antenna however is flipped in regards to its symmetry, which is likely 
due to its generator having removed the square opposite that of the other two stochastic 
carpet antennas. All of these antennas have the same frequency where they hit the 
minima at 0.76 GHz, which corresponds to a wavelength of λ equal to 39.4 cm.  Each of 
the distributions has roughly the same magnitude with all, having magnitudes greater 




Figure 73: 2D Radiation Plot for the random side-mounted Sierpinski carpets for the 
frequency with the lowest S11 minima for each shape. Top to bottom. 1st, 2nd, and 3rd 




The 3D radiation pattern for the frequency with the lowest S11 minima for each shape is 
plotted in Figure 74. Each antenna has a fairly similar distribution of radiation, being 
roughly uniform as well. The maximum radiation distribution for the 1st, 2nd, and 3rd 
stochastic iteration carpets are 0.97, 0.98, and 0.96 V/m respectively. The symmetry flip 
is present again in the 3rd iteration stochastic carpet antenna, still likely due to the 





Figure 74: 3D Radiation Plot for the random side-mounted Sierpinski carpets for the 
frequency with the lowest S11 minima for each shape. Top to bottom. 1st, 2nd, and 3rd 
iteration. Ground plane in xy-plane and antenna is generally along the z-axis, port 
connection at origin. Note the changing z-axis scale.  
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Table 9.  Summary of carpet antenna properties and results  











2.00 - - Side 12 cm 0.76, 1.84, 2.20 
ANH, Corner-
mounted 
2.00 - - Corner 12 cm 0.48, 1.04, 1.64, 2.20 
Sierpinski 
Carpet (SC),  
Side-mounted 
1.89 1st  R Side 12 cm 0.72, 1.52, 2.20 
SC, VERSION 1 1.89 1st  R Corner 12 cm 0.48, 1.64, 2.20 
SC, VERSION 2 1.89 1st  R Corner 12 cm 0.48, 1.08, 1.68, 2.20 
SC, VERSION 3 1.89 1st  R Corner 12 cm 0.48, 1.04, 1.76, 2.20 
SC, 12cm, side- 
mounted  
1.89 2nd  D Side 12 cm 0.72, 1.80, 2.20 
SC, 6cm, side-
mounted 
1.89 2nd  D Side 6 cm 1.24 
SC, 6cm, corner- 
mounted 
1.89 2nd  D Corner 6 cm 0.84, 1.88 
SC, corner-
mounted 
1.89 2nd  D Corner 12 cm 0.48, 1.04, 1.64, 2.20 
SC 1.89 2nd  R Side 12 cm 0.76, 1.60, 2.20 
SC 1.89 3rd  D Side 12 cm 0.72, 1.80, 2.20 
SC 1.89 3rd  R Side 12 cm 0.76, 1.00, 1.60, 2.20 





4.  CONCLUSIONS  
With the results shown within the text some relationships were found. The No 
Antenna run gave a foundation that the results were not skewed by the setup of the 
simulation. 
a. 1D Antennas - Wires Summary 
The normalized surface electric field for all wire antennas had a harmonic pattern, 
due to the antenna being fed with a harmonic frequency as expected.  Beginning with the 
straight wire antenna, it was shown to exhibit results consistent with what would be 
expected.  The results and exhibited two S11 minima within the frequency range covered.  
The 3D far field radiation distribution was omnidirectional. Only one S11 minima was 
less then -10 dB, at -19.65 dB.  
The triadic Koch curve monopole antennas exhibited multiple S11 minima, two for 
the generator and three minima for the 1st and 2nd iterations. The 2nd iteration at its lowest 
value was almost as low as the minima for straight wire antenna at -19.61 dB. The 2D far 
field radiation distribution changed directionality from generator along the y-axis (90° to 
270°), to the 1st and 2nd iterations being along the x-axis (0° to 180°). The 3D far field 
radiation distribution also showed that as iterations increase the back lobes increase in 
size. 
The quadratic Koch curve monopole antennas displayed many S11 minima, with 
only two for generator, but six for the 1st and 2nd iterations. The 2nd iteration had the 
lowest minima, larger than the straight wire antenna, at -33.89 dB. This minima occurred 
at 2.12 GHz which corresponds to a wavelength of 14.14 cm.  The overall length of the 
antenna was 96 cm which is close to 4 times the wavelength. This result is probably due 
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to standing waves inside the antenna. Examining the 2D far field radiation pattern 
indicated that for every iteration the directionality changes. This was also seen within the 
3D far field plots. 
The last fractal pattern studied was the zig-zag curve, from the generator to the 2nd 
iteration.  Each exhibited three S11 minima. The generator may not have had its lowest 
S11 value recorded, as the S11 value was decreasing with increasing frequency at the 
upper end of the frequency range analyzed, and had not started to increase and thus 
define the minima. While none of these minima reached the magnitude of the straight 
wire antenna, the 1st iteration reached -14.07 dB, and the 2nd iteration reached -14.16 dB. 
The 1st iteration’s minima occurred at 1.92 GHz which has a wavelength of 15.61 cm. 
The overall length of this antenna is 27 cm, which is just under two wavelengths of 
frequency, suggesting standing waves. The 2D far field radiation distribution seemed to 
have more of a concentration in frequencies being located on the outer edges as one 
increased the iterations. The single frequency 2D far field radiation had a pattern that was 
symmetric about the x- axis (0° to 180°), with more distribution toward 180° and none 
toward 0°.  
Modeling of triadic Koch curve 2nd iteration antennas scaled to heights ranging 
from 4 to 12 cm, indicated a variation in response as a function of scale. The smaller 
scales, at 4 and 6 cm heights, were too small to have any effect from the frequency range 
analyzed and acted as simple monopole antennas. Once the 8 cm height scale was 
reached the antennas began showing directionality. The 2D far field radiation pattern for 
the 8 and 10 cm height scales pointed along the y-axis (90° to 270°), and the 12 cm 
height scale changed direction to having lobes that aligned with the x-axis (0° to 180°). 
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The 3D far field radiation distribution also showed that once the 12 cm height scale was 
reached, back lobes formed. 
Changing antenna cross-sectional area for a triadic Koch curve 2nd iteration, with 
cross-sectional areas of 0.5, 1.0, 1.5, and 2.0 mm2, resulted in changes in S11 minima 
locations. The shift in locations and magnitude were not exactly uniform, and the 1.5 
mm2 cross-sectional area had the lowest S11 minima at the upper end of the frequency 
range rather than the 2 mm2 cross-sectional area which went shallower. All the 2D far 
field radiation patterns exhibited an antisymmetric dipole. The 3D far field distribution 
showed that the maximum value of radiation distribution increases with cross-sectional 
area. 
 
b. 2D Antennas - Carpet Summary 
For all carpet antennas, the strongest surface electric field was observed along the 
outer edges of the antennas, with decreasing electric field strength as one moved towards 
the middle of the antennas. 
The solid square sheet carpet was examined both side-mounted and corner-
mounted. The side attachment had only one S11 minima, whereas the corner-mounted had 
a few minima and at different frequencies. The overall 2D far field radiation pattern 
changed based on the port connection, with the side-mounted being more uniform and the 
corner-mounted split into four equally spaced directions. 
 The deterministic Sierpinski carpet was studied over a range of iterations.  The 
results showed that the 2nd, 3rd, and 4th, iterations all have roughly the same S11 plot. This 
was understood to be because the mesh in the simulation was not fine enough to capture 
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the affects from the smaller hole sizes at the higher iterations. The 2D far field radiation 
patterns were quite similar to the solid square sheet side-mounted, in that they all 
changed direction of emission based on the frequency used. 
The effect of side-mount versus corner-mount and 6 cm versus 12 cm size for 
deterministic Sierpinski carpet 2nd iteration antennas were examined.  The 6 cm side-
mounted antenna exhibited the lowest S11 minima at -36.54 dB. The minima occurred at 
1.24 GHz with a wavelength of 24.18 cm, which is almost equal to the exact perimeter of 
the antenna. This suggests a high chance of standing waves within the antenna. One thing 
to note is that the 6 cm corner mounted antenna did not exhibit this minima, despite 
having the same perimeter. The 2D far field radiation patterns showed that the 6 cm sizes 
were too small to exhibit any effects for directionality until higher frequencies. The 12 
cm sizes had similar results to that of the solid square sheet carpet antenna. 
Stochastic Sierpinski carpets with different port location exhibited a wide variety 
of results for the S11 minima. The corner-mounted version 2 had the lowest minima at 
1.08 GHz, a wavelength of 27.76, with an overall perimeter of 56 cm. At almost two 
wavelengths, this very well may be standing waves inside the antenna. Each antenna had 
a different directionality for the 2D far field, meaning hole location played a vital role in 
radiation response. 
Stochastic Sierpinski carpets with different numbers of iterations each exhibited 
multiple S11 minima. The 2nd iteration had the lowest S11 minima of -16.08 dB at 0.76 
GHz. This frequency has a wavelength of 39.45 cm which does not correspond with the 
perimeter of this antenna. The 2D far field distribution has similar pattern for all the 
antenna, except for the 3rd iteration being having stronger radiation directions flipped by 
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90 degrees. This is due to the initial hole removed for the generator being pulled from the 
opposite side as that of the 1st and 2nd iteration. 
c. Future Work 
Future work that would enhance this project would be to analyze more fractal 
patterns for both the wire and carpet antennas. Incorporating a finer mesh to detect the 
effects of each line segment (wire antennas) and holes (carpet antennas) for higher 
iteration antennas would allow for more detailed results. 
For wires antennas specifically, changing the overall scaling and varying cross-
sectional areas into finer increments would potentially be one avenue to generate a 
regression model to potentially predict the effects of scaling. Another avenue of future 
work would be to vary the cross-sectional area to potentially optimize the asymmetrical 
pattern in the 2D far field radiation pattern so as to reduce the back lobe size as much as 
possible. 
Future carpet antenna work could involve developing the code to allow for 
random iteration antennas to get each iteration of the antenna, rather than only the final 
product, say the 2nd iteration then rerunning and getting a new antenna for the 1st 
iteration, etc. 
Finally, future work could also test 3D fractal antennas and potentially fractal 
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6. APPENDIX A – Figures for all Wire Antennas 
Below are individual figures for each wire antenna.  
 
(* All Antennas were run from 0.2 to 2.2 GHz, with 51 steps. *) 
 
List of Wire Antennas: 
A1. Straight Wire, Monopole Antenna 
A2. Quadratic Koch curve generator 
A3. Quadratic Koch curve 1st iteration 
A4. Quadratic Koch curve 2nd iteration 
A5. Zig-Zag curve generator 2mm  
A6. Zig-Zag curve generator 1mm  
A7. Zig-Zag curve 1st iteration 2mm  
A8. Zig-Zag curve 1st iteration 1mm  
A9. Zig-Zag curve 2nd iteration 1mm  
A10. Triadic Koch curve 1st iteration 
A11. Triadic Koch curve 2nd iteration, 0.5mm 
A12. Triadic Koch curve 2nd iteration, 1.0mm 
A13. Triadic Koch curve 2nd iteration, 1.5mm 
A14. Triadic Koch curve 2nd iteration, 2.0mm 
A15. Triadic Koch curve 2nd iteration, 4cm 
A16. Triadic Koch curve 2nd iteration, 6cm 
A17. Triadic Koch curve 2nd iteration, 8cm 
A18. Triadic Koch curve 2nd iteration, 10cm 








Figure A1: Straight Wire, Monopole Antenna. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 



















Figure A2: Quadratic Koch curve generator. Top Left. 2D far field radiation pattern at the 
lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure A3: Quadratic Koch curve 1st iteration. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 





















Figure A4: Quadratic Koch curve 2nd iteration. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 





















Figure A5: Zig-Zag curve generator 2mm2. Top Left. 2D far field radiation pattern at the 
lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure A6: Zig-Zag curve generator 1mm2. Top Left. 2D far field radiation pattern at the 
lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 



















Figure A7: Zig-Zag curve 1st iteration 2mm2. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure A8: Zig-Zag curve 1st iteration 1mm2. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure A9: Zig-Zag curve 2nd iteration 1mm2. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 





















Figure A10: Triadic Koch curve 1st iteration. Top Left. 2D far field radiation pattern at 
the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure A11: Triadic Koch curve 2nd iteration, 0.5mm2. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 





















Figure A12: Triadic Koch curve 2nd iteration, 1.0mm2. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 


















Figure A13: Triadic Koch curve 2nd iteration, 1.5mm2. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 

















Figure A14: Triadic Koch curve 2nd iteration, 2.0mm2. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 

















Figure A15: Triadic Koch curve 2nd iteration, 4cm. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure A16: Triadic Koch curve 2nd iteration, 6cm. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 























Figure A17: Triadic Koch curve 2nd iteration, 8cm. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure A18: Triadic Koch curve 2nd iteration, 10cm. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure A19: Triadic Koch curve generator, 1mm2. Top Left. 2D far field radiation pattern 
at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 

















Triadic Koch curve generator, 1mm2
146 
 
7. APPENDIX B – Figures for all Carpet Antennas 
Below are figures for each individual carpet antennas. 
 
(* All Antennas were run from 0.2 to 2.2 GHz, with 51 steps. *) 
 
Carpets: 
B1. Solid Square sheet carpet 
B2. Solid Square sheet carpet, corner-mounted 
B3. Sierpinski carpet, 1st iteration, random, side-mounted 
B4. Sierpinski carpet, 1st iteration, random, V1 
B5. Sierpinski carpet, 1st iteration, random, V2 
B6. Sierpinski carpet, 1st iteration, random, V3 
B7. Sierpinski carpet, 2nd iteration, deterministic 
B8. Sierpinski carpet, 2nd iteration, deterministic, 6cm, side-mounted 
B9. Sierpinski carpet, 2nd iteration, deterministic, 6cm, corner-mounted 
B10. Sierpinski carpet, 2nd iteration, deterministic, corner-mounted 
B11. Sierpinski carpet, 2nd iteration, random 
B12. Sierpinski carpet, 3rd iteration, deterministic 









Figure B1: Solid Square sheet carpet. Top Left. 2D far field radiation pattern at the 
lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for all 
frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure B2: Solid Square sheet carpet, corner-mounted. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 























Figure B3: Sierpinski carpet, 1st iteration, random, side-mounted. Top Left. 2D far field 
radiation pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation 
pattern for all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D 
far field radiation pattern at the lowest minimum in the S11 plot, Middle Right. 





















Figure B4: Sierpinski carpet, 1st iteration, random, V1. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 



















Figure B5: Sierpinski carpet, 1st iteration, random, V2. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 


















Figure B6: Sierpinski carpet, 1st iteration, random, V3. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 



















Figure B7: Sierpinski carpet, 2nd iteration, deterministic. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure B8: Sierpinski carpet, 2nd iteration, deterministic, 6cm, side-mounted. Top Left. 
2D far field radiation pattern at the lowest minimum in the S11 plot. Top Right. 2D far 
field radiation pattern for all frequencies within range of 0.2 to 2.2GHz over 51 steps. 
Middle Left. 3D far field radiation pattern at the lowest minimum in the S11 plot, Middle 






















Figure B9: Sierpinski carpet, 2nd iteration, deterministic, 6cm, corner-mounted. Top Left. 
2D far field radiation pattern at the lowest minimum in the S11 plot. Top Right. 2D far 
field radiation pattern for all frequencies within range of 0.2 to 2.2GHz over 51 steps. 
Middle Left. 3D far field radiation pattern at the lowest minimum in the S11 plot, Middle 

























Figure B10: Sierpinski carpet, 2nd iteration, deterministic, corner-mounted. Top Left. 2D 
far field radiation pattern at the lowest minimum in the S11 plot. Top Right. 2D far field 
radiation pattern for all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle 
Left. 3D far field radiation pattern at the lowest minimum in the S11 plot, Middle Right. 



















Figure B11: Sierpinski carpet, 2nd iteration, random. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 






















Figure B12: Sierpinski carpet, 3rd iteration, deterministic. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 




















Figure B13: Sierpinski carpet, 3rd iteration, random. Top Left. 2D far field radiation 
pattern at the lowest minimum in the S11 plot. Top Right. 2D far field radiation pattern for 
all frequencies within range of 0.2 to 2.2GHz over 51 steps. Middle Left. 3D far field 
radiation pattern at the lowest minimum in the S11 plot, Middle Right. Normalized 















Sierpinski carpet, 3rd iteration, random
